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Problem 1.21

Prove product rules (i), (iv), and (v).

Solution

Proof of (i)

The aim is prove that
∇(fg) = f∇g + g∇f. (i)

Write out the left side explicitly.

∇(fg) =
3∑

i=1

δi
∂

∂xi
(fg)

=
3∑

i=1

δi

(
∂f

∂xi
g + f

∂g

∂xi

)

=
3∑

i=1

δi
∂f

∂xi
g +

3∑
i=1

δif
∂g

∂xi

= g

(
3∑

i=1

δi
∂f

∂xi

)
+ f

(
3∑

i=1

δi
∂g

∂xi

)

= g(∇f) + f(∇g)

= f(∇g) + g(∇f)
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Proof of (iv)

The aim is prove that
∇ · (A×B) = B · (∇×A)−A · (∇×B). (iv)

Write out the left side explicitly.

∇ · (A×B) =

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δjAj

×

(
3∑

k=1

δkBk

)
=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
k=1

(δj × δk)AjBk


=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
k=1

3∑
l=1

δlεjklAjBk


=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δi · δl)εjkl
∂

∂xi
AjBk

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

δilεjkl
∂

∂xi
AjBk

=
3∑

i=1

3∑
j=1

3∑
k=1

εjki
∂

∂xi
AjBk

=
3∑

i=1

3∑
j=1

3∑
k=1

εijk
∂

∂xi
AjBk

=
3∑

i=1

3∑
j=1

3∑
k=1

εijk

(
∂Aj

∂xi
Bk +Aj

∂Bk

∂xi

)

=
3∑

i=1

3∑
j=1

3∑
k=1

εijk
∂Aj

∂xi
Bk +

3∑
i=1

3∑
j=1

3∑
k=1

εijkAj
∂Bk

∂xi

=
3∑

i=1

3∑
j=1

3∑
k=1

εijk
∂Aj

∂xi
Bk +

3∑
i=1

3∑
j=1

3∑
k=1

(−εikj)Aj
∂Bk

∂xi

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

δlkεijk
∂Aj

∂xi
Bl −

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

δljεikjAl
∂Bk

∂xi

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δl · δk)εijk
∂Aj

∂xi
Bl −

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δl · δj)εikjAl
∂Bk

∂xi

=

(
3∑

l=1

δlBl

)
·

 3∑
i=1

3∑
j=1

3∑
k=1

δkεijk
∂Aj

∂xi

−

(
3∑

l=1

δlAl

)
·

 3∑
i=1

3∑
j=1

3∑
k=1

δjεikj
∂Bk

∂xi
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Continue the simplification.

∇ · (A×B) =

(
3∑

l=1

δlBl

)
·

 3∑
i=1

3∑
j=1

(δi × δj)
∂Aj

∂xi

−

(
3∑

l=1

δlAl

)
·
[

3∑
i=1

3∑
k=1

(δi × δk)
∂Bk

∂xi

]

=

(
3∑

l=1

δlBl

)
·

( 3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

δjAj

−

(
3∑

l=1

δlAl

)
·
[(

3∑
i=1

δi
∂

∂xi

)
×

(
3∑

k=1

δkBk

)]
= B · (∇×A)−A · (∇×B)

Proof of (v)

The aim is to prove that
∇× (fA) = f(∇×A)−A× (∇f). (v)

Write out the left side explicitly.

∇× (fA) =

(
3∑

i=1

δi
∂

∂xi

)
×

f
 3∑

j=1

δjAj



=

(
3∑

i=1

δi
∂

∂xi

)
×

 3∑
j=1

δjAjf


=

3∑
i=1

3∑
j=1

(δi × δj)
∂

∂xi
Ajf

=
3∑

i=1

3∑
j=1

(δi × δj)

(
∂Aj

∂xi
f +Aj

∂f

∂xi

)

=
3∑

i=1

3∑
j=1

(δi × δj)
∂Aj

∂xi
f +

3∑
i=1

3∑
j=1

(δi × δj)Aj
∂f

∂xi

= f

 3∑
i=1

3∑
j=1

(δi × δj)
∂Aj

∂xi

+
3∑

i=1

3∑
j=1

(δi × δj)Aj
∂f

∂xi

= f

( 3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

δjAj

+

(
3∑

i=1

δi
∂f

∂xi

)
×

 3∑
j=1

δjAj


= f(∇×A) + (∇f)×A

= f(∇×A)−A× (∇f)
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